We define a scale-dependent effective mass anomalous dimension from the scaling of the mode number of the massless Dirac operator, which connects the perturbative γ m of an asymptoticallyfree system to the universal γ m at a conformal fixed point. We use a stochastic algorithm to measure the mode number up to the cutoff scale on lattices as large as 48 4 . Focusing on SU(3) lattice gauge theory with N f = 12 massless fundamental fermions, we examine systematic effects due to finite volumes and non-zero fermion masses. Our results suggest the existence of an infrared fixed point with γ m ≈ 0.25. Our method provides a unique probe to study systems from the UV to the IR. It is universal and can be applied to any lattice model of interest, including both chirally-broken and IR-conformal systems.
Near-conformal gauge-fermion systems have received significant attention in recent years. Some of these models remain phenomenologically viable candidates for new physics beyond the standard model, while others are simply interesting non-perturbative quantum field theories. The infrared dynamics of most of these models is strongly coupled, motivating lattice studies -for a limited set of references see Refs. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] .
In principle lattice calculations can distinguish the chirally-broken and IR-conformal scenarios. However, lattice methods that are effective to study QCD-like systems frequently are not optimal to investigate near-conformal dynamics. The available lattice volumes limit the accessible energy range, and chirally-broken systems with a slowly-running gauge coupling of the sort expected near the conformal window can appear very similar to infrared conformal dynamics. The most promising methods explore differences between the two scenarios at strong gauge coupling. Backward flows in running coupling or Monte Carlo renormalization group calculations are examples of such distinctive signals. In this paper we explore another promising approach, the scale dependence of an effective mass anomalous dimension γ eff extracted from the mode number of the massless Dirac operator. This quantity allows us to probe the systems from the UV to the IR, making it possible to distinguish IR-conformal dynamics from chirally-broken models near the conformal window.
Some results from this approach have been published in Ref. [14] . Here we expand our theoretical discussion and show new results obtained using a stochastic algorithm to measure the mode number [19] , which we recently implemented for staggered fermions. We concentrate on the SU(3) 12-flavor system, though the method we use is applicable to any other system and Ref. [14] contains results for N f = 4 and 8 as well.
Scaling of the mode number
The spectral density of the Dirac operator is related to the partially quenched chiral condensate
where ψ v ψ v is evaluated at the imaginary valence quark mass m v = iλ + ε. In a chirally-broken system this leads to the Banks-Casher relation Σ = lim λ →0 πρ(λ ) in the infinite-volume chiral limit [20] . Conformal systems are chirally symmetric, ρ(0) = 0. General critical scaling suggests
in the small-λ infrared limit. In asymptotically-free systems, one-loop perturbation theory predicts
in the ultraviolet, where
is the universal one-loop mass anomalous dimension for fermions in representation R. Figure 1 : Cartoons of the effective mass anomalous dimension γ eff (λ ) in IR-conformal (left) and chirallybroken (right) continuum systems. In both cases, γ eff starts from zero at the asymptotically-free UV fixed point and increases as the energy decreases. In IR-conformal systems, γ eff → γ m at the IRFP as λ → 0. At even stronger coupling γ eff might increase with energy as suggested by the dashed blue line. In chirallybroken systems the scaling form ρ(λ ) ∝ λ α(λ ) is lost below the chiral symmetry breaking scale.
The integral of the spectral density, the mode number ν, is renormalization group (RG) invariant [19, 21] . In the infrared limit of a conformal system, Eq. 1.2 predicts
relating the exponent α and the anomalous dimension at the infrared fixed point (IRFP) [21, 22] ,
Comparing Eqs. 1.2, 1.3 and 1.6 suggests the extension of the scaling relation Eq. 1.5 as
That is, we allow α to depend on λ , and interpret γ eff (λ ) as a scale-dependent effective mass anomalous dimension. γ eff (λ ) is anchored by the universal one-loop perturbative γ m in the ultraviolet, and by γ m in the infrared limit. Fig. 1 sketches γ eff (λ ) for idealized (infinite volume, zero-mass, continuum) IR-conformal and chirally-broken systems. The solid red line of the left panel corresponds to the mass anomalous dimension of an IR-conformal system in between the perturbative and infrared fixed points. At large λ we expect to see the ultraviolet behavior γ m → 0, while in the λ → 0 infrared limit γ eff → γ m . There is no perturbative guidance at strong coupling. Since we expect a backward flow in the gauge coupling, it is conceivable that γ eff (λ ) may increase towards the ultraviolet (blue dashed curve). The right panel shows the equivalent behavior of a chirally-broken system. The effective anomalous dimension has the same ultraviolet behavior, even though it loses its physical meaning below the energy scale of chiral symmetry breaking. We denote this rather ill-defined situation by a dashed line. The qualitative difference between the two panels of Fig. 1 indicates how the mode number could distinguish conformal and chirally-broken systems.
Computational details
The investigation of the Dirac eigenmodes is part of our ongoing study of the 4-, 8-and 12-flavor SU(3) systems [5, 7, 14, 16, 18] . We use nHYP-smeared staggered fermions and our gauge action is a combination of fundamental and adjoint plaquette terms with β A /β F = −0.25. In this paper we concentrate on the 12-flavor system.
Our previous investigations of N f = 8 and 12 revealed an unusual strong-coupling phase where the single-site shift symmetry of the staggered lattice action is spontaneously broken ( S 4 phase) [7, 16] . In the present study we stay on the weak-coupling side of this phase, though our strongest gauge coupling, β F = 3.0, is very close to it. In Ref. [14] we used configurations with periodic boundary conditions in the spatial directions and a small but non-vanishing fermion mass m = 0.0025. Our new results are obtained using m = 0 with anti-periodic boundary conditions in all four directions. In order to monitor finite-volume effects we compare 24 4 and 32 4 volumes at every gauge coupling value. At our weakest coupling β F = 6.0, where finite-volume effects are the most severe, we also use a 48 4 ensemble.
We measure the mode number using the stochastic method developed in Ref. [19] . Using 20-40 configurations from each ensemble, we evaluate the mode number with five stochastic sources at each value of λ . With values of λ separated by ∆ λ = 0.005, we cover the eigenvalue range up to λ = 0.5. 1 To extract the scale-dependent α(λ ) and γ eff (λ ) from the mode number, we simply perform a linear fit to the logarithms
using finite intervals in λ and a jackknife analysis to determine uncertainties. While the mode number ν can have larger finite-volume corrections than its λ -derivative, the spectral density ρ, we prefer to work with ν. Differentiating Eq. 1.7 to obtain ρ introduces dα dλ corrections that can lead to significant systematic effects.
Finite-volume and finite-mass effects
It is important to monitor finite-volume corrections to Eq. 2.1. The left panel of Fig. 2 shows the predicted effective mass anomalous dimension at β F = 6.0 on 24 4 , 32 4 , 32 3 ×64 and 48 4 volumes. The L 4 ensembles use m = 0 with anti-periodic boundary conditions in all four directions, while the 32 3 ×64 ensemble uses periodic spatial boundary conditions with m = 0.0025. At large enough λ 0.3 the predictions from the smallest L = 24 agree with the results from larger volumes. For the largest L = 48, finite-volume effects appear manageable for λ 0.15 even at β F = 6.0, our weakest coupling with the most severe finite-volume effects. Fig. 2 also indicates that finite-volume effects on our new L 4 ensembles with anti-periodic boundary conditions are more significant than on the L 3 ×2L ensembles studied in Ref. [14] .
While we use m = 0 in our calculations, it is instructive to consider how finite mass affects the mode number and predicted γ eff . The right panel of Fig. 2 considers two 32 3 ×64 ensembles with periodic spatial boundary conditions and m = 0.02 and 0.025. At small λ the predicted anomalous dimension becomes unphysically large, γ eff 2, as Eq. 1.2 breaks down due to the explicit chiral symmetry breaking from these non-zero fermion masses. Even so, as λ increases the results we obtain on these ensembles converge with the prediction from a 32 4 ensemble with m = 0, all of which show γ eff increasing with λ .
Results with N f = 12 fundamental fermions
In Ref. [14] we showed that for the 4-flavor SU(3) theory our definition of the effective mass anomalous dimension γ eff shows continuum-like scaling. γ eff (λ ) qualitatively follows the sketch in the right panel of Fig. 1 , and is consistent with the one-loop perturbative prediction for λ 0.2 (corresponding to γ m (g 2 ) 0.4). Fig. 3 summarizes our results for the effective anomalous dimension with 12 fundamental flavors. The left panel is from Ref. [14] using direct eigenvalue calculations on several different volumes, while the right panel shows our new results obtained using the stochastic mode number calculation. In both plots we only present results that appear largely volume independent. We consider gauge coupling values 3.0 ≤ β F ≤ 6.0, spanning a significant range from near the S 4 phase to the weakest coupling where finite-volume effects remain manageable on 32 4 and 48 4 lattices.
The results at strong gauge coupling are striking. They do not follow the behavior expected near the asymptotically-free fixed point: γ eff increases towards the ultraviolet for all β F ≤ 5.0. This behavior is not consistent with ultraviolet dynamics that is driven by the perturbative fixed point, and implies that all couplings β F ≤ 5.0 are outside the scaling regime of this UVFP.
Numerical calculations cannot exclude the possibility that some unexpected and unusual property of a chirally-broken system produces the behavior of γ eff depicted in Fig. 3 . However, our results are clearly consistent with the existence of a conformal IR fixed point. They follow the conjectured behavior in the left panel of Fig. 1 , which we motivated from a backward flow in the gauge coupling. The energy dependence of the effective mass anomalous dimension is minimal at β F = 6.0, suggesting that this gauge coupling is close to the fixed point β F in the scheme defined by this observable. All of our results for 3.0 ≤ β F ≤ 6.0 can be consistently extrapolated to the λ = 0 infrared limit to predict the scheme-independent mass anomalous dimension γ m of the IRFP. The effective mass anomalous dimension γ eff for N f = 12, determined either from direct eigenvalue calculations (left, from Ref. [14] ) or using stochastic mode number measurements (right). We carry out stochastic measurements on lattice volumes up to 32 4 and (for β F = 6.0) 48 4 .
We have not yet completed a careful λ → 0 extrapolation of our new results, but our preliminary analysis indicates a relatively small value γ m ≈ 0.25.
Conclusion
The RG invariance of the Dirac eigenmode number allows the determination of a scaledependent effective mass anomalous dimension that connects the perturbative γ m (g 2 ) to the universal γ m of a conformal system in the infrared limit. In the ultraviolet the mode number scales with the perturbative anomalous dimension γ m (g 2 ) if the UV dynamics is driven by the asymptotically-free perturbative fixed point. This behavior is expected both in the scaling regime of chirally-broken systems as well as in IR-conformal systems at weak coupling. On the other hand, conformal systems at strong coupling that exhibit backward flow could show very different behavior, offering a promising method to distinguish conformal and chirally-broken systems.
Our investigations of the N f = 4 system in Ref. [14] predicted scaling consistent with the perturbative fixed point. We observe very different behavior with 12 flavors. At strong gauge coupling γ eff increases towards the ultraviolet, and both the strong-and weak-coupling data are consistent with the existence of a conformal fixed point in the λ → 0 infrared limit. While we work with exactly massless fermions and monitor finite-volume effects, the λ → 0 IR extrapolation of our results is non-trivial and remains under investigation. It is clear from Fig. 3 that studying multiple gauge couplings is crucial for the accurate determination of γ m at λ = 0. Some related issues were recently discussed by Ref. [23] 
